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Introduction
In this paper, we follow the notation and terminology of [4] . The set of natural numbers, integers, real numbers, and [13, Theorem 3.3] . For more details, we refer the reader to [6] and [13] . Here, we formalize the characteristic property of the Smirnov compactifications. Now, we recall the following result that is known as Smirnov's Theorem (see [11] or [6, p. 256 [3, Lemma 1] , the following is known: Let X be a noncompact metric space and {E i } i∈N a pairwise disjoint locally finite collection of compact subsets of X such that dim E i = dim X for each i ∈ N. Then dim X = dim β X X = ind β X X = Ind β X X holds, where β X is the Stone-Čech compactification of X . By this background above, this paper is intended to give a sufficient condition that dim X = dim u d X X = ind u d X X = Ind u d X X holds for a noncompact proper metric space (X, d).
Here, we recall the following metric-dependent property (see [9, p. 135] ).
Definition 1.2.
A metric space (X, d) is said to be uniformly locally connected at ∞, written ULC at ∞, if for any ε > 0 there exist a δ > 0 and a compact set K of X such that for any two points x, y ∈ X K with d(x, y) < δ there exists a connected subset P of X satisfying x, y ∈ P and diam d P < ε. In particular, if we can take a compact set K above as the empty set, then (X, d) is said to be uniformly locally connected, written ULC. 
R n = n for each n ∈ N. From our previous result above, it is natural to ask for a sufficient condition that dim u d X X = ind u d X X = Ind u d X X = n holds for a noncompact n-dimensional proper metric space (X, d) . By this motivation, the aim of this paper is to investigate relations between uniform local connectedness and the dimension of the Smirnov remainder.
In Section 2, we discuss approximating a given metric space (X, d) by a better metric space (P , ρ) with a "good" topological property of X such that u d X X is homeomorphic to u ρ P P , and give an application of it in Section 3: For every noncompact proper metric space (X, d), there exists a polyhedron (P , ρ) such that dim P 1 and u d X X is homeomor- 
Furthermore, we show more general results than the fact above. In Section 5, we discuss relations between uniform local connectedness and the dimension of the Smirnov remainders of noncompact highdimensional topological manifolds: For any k, n ∈ N with 1 k n, there exists a compatible proper metric
On the other hand, for any k, n ∈ N with 1 n < k there exists a compatible proper metric ρ k,n on R
Finally, in Section 6, we introduce a new concept of "thin" covering spaces, and we have the following: If an infinite covering
Let N(U) be the nerve of U (see [8, p. 118] ). Set T = N(U) (1) which is the 1-skeleton of N(U). 
We define a proper metric d |T| on |T| as follows: Let a, b ∈ |T|.
Then we see that d |T| is a proper metric on |T| compatible with the Whitehead topology on |T|. Furthermore, we have the following property:
The following theorem is a modification of Proposition 2.2, i.e., there exists a polyhedron (P , σ ) with dim P 1 such 
Proof. First, we show that Then there exist a δ > 0 with 12δ < ε and a compact subset K 0 of X such that for any x, y ∈ X K 0 with d(x, y) < 5δ there exists a connected subset P in X satisfying x, y ∈ P and diam d P < ε/2. By ( 1), there exists a compact subset
Take two points a, a ∈ |T| In Lemma 3.3(2), uniform local connectedness cannot be omitted. Proof. Assume the contrary that there exists a compact subset K such that X K has two non-relatively compact components C 1 and C 2 . Let ϕ : X → R + be an infinite chain map. Note that ϕ(C k ) is connected and unbounded in R + for k = 1, 2. Proof. We construct a sequence {K n } n∈N of continua of X such that X = ∞ n=1 K n , Int X K n = ∅ for each n ∈ N and K n ∩ K m = ∅ if and only if |n − m| 1.
Choose z 0 ∈ X and a compact subset
Since X is locally connected and locally compact, there exists a compact subset M 1 of X having finitely many components
A 1,i that is a continuum, and C 1 the set of all components of X N 1 . Since (X, d) has the complementation property, X N 1 has the unique non-relatively compact component C 1 
, and we note that L 2 ⊂ Cl X C 1 . Since X is locally connected and locally compact, there exists a compact subset M 2 of X having finitely many components
Since Cl X C 1 is connected and X is locally connected and locally compact, for every i = 1, 2, . . . ,m 2 we have a continuum
A 2,i that is a continuum, and C 2 the set of all components of X (N 1 ∪ N 2 ) having the unique non-relatively compact component C 2 . By the same argument above,
Applying induction, we can construct a connected compact cover {K n } n∈N of X such that Int X K n = ∅ for each n ∈ N and K n ∩ K m = ∅ if and only if |n − m| 1.
Summarizing the lemmas above, we have the following. Then the following are equivalent:
(2) X has the complementation property.
(3) X has an infinite chain map to R + .
Next, we deal with Question 3.1.
Lemma 3.8. Let (X, d) be a noncompact, locally arcwise connected, connected proper metric space. If X has an infinite chain map to R + , then there exists a perfect map g
Proof. Let f : X → R + be an infinite chain map,
with D ∩ F n being finite for each n ∈ N. Choose x 0 ∈ F 1 and x n ∈ F n ∩ F n+1 for each n ∈ N. Here, for any n ∈ N there
Since F n is connected and X is a locally arcwise connected proper metric space, there exists a continuous map Proof. Since the "if" part follows from Lemma 3.3(1), we prove the "only if" part. By Theorem 2.3, there exists a connected 1-dimensional polyhedron Q with a proper metric σ such that u d X X is homeomorphic to u σ Q Q . Since Q is a locally connected, connected proper metric space, and u σ Q Q is connected, there exists a strictly increasing sequence
. Here, we may assume that Q
Now, let n ∈ N be fixed and take an
n . Inductively, we can take sequences {c n i ,n }
We enlarge the space Q by adding intervals [c n i ,n , c n i ,n ] of length σ (c n i ,n , c n i ,n ) for any i = 1, . . . , (n) − 1 and each n ∈ N.
The obtained space is denoted by P . Note that for any n ∈ N and i = 1, . . . , (n)
Here, we extend the metric σ to P as follows: Let x, y ∈ P .
( 
It is easy to check that ρ is a proper metric on P and ρ| Q = σ . Since ρ| Q = σ and Q is dense at ∞ in (P , ρ), by 
The Smirnov compactifications of the noncompact 1-polyhedra with uniform local connectedness
In this section, we give a sufficient condition that the dimension of the Smirnov remainder is equal to 1. 
On the contrary, suppose that we have an
) is ULC at ∞, there exist a sequence {K n } n∈N of compact subsets of X with K n ⊂ Int X K n+1 and a sequence of positive numbers {δ n } n∈N with δ n+1 < δ n < 2 −n for each n ∈ N such that for any y, z ∈ X K n with d( y, z) < δ n we have a connected subset P containing y and z
Then there exists a connected subset P n joining x 0,n and x 1,n in X with lim ) by T 1 and enumerate T 1 as {σ i : 1 i m} such that X |σ 1 | and X |σ m | are connected, and |σ i | ∩ |σ j | = ∅ if and only if |i − j| 1. 
Here, we note that there exists a k ∈ N such that n k X n ⊂ V 0 ∪ V 1 and V i ∩ X n = ∅ for all n ∈ N with n k and i = 0, 1. This contradicts the fact that every X n is connected, which completes the proof. 2
Now, we obtain a sufficient condition that the Smirnov remainder 
By Lemma 4.2, without loss of generality, we may assume that (2) , there exists a δ > 0 with 2δ < ε such that for any two points x, y ∈ X with d(x, y) < δ there exists an arc P in X connecting x and y with diam d P < ε. By [13, Theorem 3.4], we only need to show that L 1 is δ-discrete. On the contrary, suppose that d(x, y) < δ for some x, y ∈ L 1 with x = y. There exists an arc P in X such that x, y ∈ P and diam d P < ε. Since x, y ∈ L 1 , there exists a 1-simplex σ of T such that |σ | ⊂ P , which contradicts diam d |σ | ε, as claimed. 
Proof. We may assume that X = R + . Set x 0 = 0. By induction, define
for each n ∈ N. Let T be the triangulation of X induced by {T n : n ∈ N}, which is the desired property of Theorem 4.4, as claimed. 
The following example shows that (3) in Theorem 4.4 cannot be omitted.
For each n ∈ N we construct a noncompact 1-dimensional polyhedron X ⊂ R n with a subspace metric d X of R n such that
. . , a n ) + I k : |a i | = k for some i for k ∈ N, X 0 = I 0 , and Fig. 4 .7.1.)
We see that X is a noncompact 1-dimensional polyhedron with uniform local connectedness, and it is dense at ∞ in 
The Smirnov compactifications of noncompact high dimensional manifolds with uniform local connectedness
In this section, we discuss the dimension of the Smirnov remainder of high-dimensional manifolds. 
Proof. By [2, Corollary 2.4], we may assume that n 2. Let
(2) ⇒ (3). Let ε > 0. By the above, there exist a δ 1 > 0 and a compact set (1) For any n ∈ N with n 2 we construct a proper metric ρ compatible with the topology on R n such that
1 , and
and Corollary 4.
Let n ∈ N with n 3 and X as in Example 4.7.1. There exists a cell triangulation T of R n such that |T (1) | = X . Let N be the regular neighborhood of X in R n and
Suppose that n 4. Let T n−1 be a triangulation of Z n−1 , X n−1 = |T (1) n−1 |, and Z n−2 the boundary of the regular neigh-
Repeating the inductive argument above, we have the desired conclusion. 
Proof. By [2, Corollary 2.4] and Example 5.4.1 (1), we may assume that 2 k < n.
for each r > 0 and each m ∈ N. We regard S k−2 and rS n−k as subspaces of
, respectively. By [10, Proposition 2.23], the join S k−2 * rS n−k is contained in R n+1 and is homeomorphic to S n−1 .
Let d k,n be the subspace metric on X induced by the usual metric on R n+3 . Since n − k 1, we see that (X, d k,n ) is ULC and is homeomorphic to R n .
Example 5.6. Let k, n ∈ N with 1 n < k. We construct a proper metric ρ k,n compatible with the topology on R n such that
There exists a closed subset X 1 of R k which is homeomorphic to R and is dense at
is not ULC by Corollary 4.6.
We may assume that k 3. There exist a triangulation K of R k and a subpolyhedron X k of |K (1) | which is homeomorphic to R + and is dense at ∞ in (R 
Repeating the previous argument, we have the desired conclusion.
The results above drive us to the following.
Question 5.7. Does every n-dimensional Euclidean space (R n , d) with uniform local connectedness satisfy
A family U of subsets of a metric space (X, d) is said to be uniformly finite if there is an N ∈ N such that the cardinalities of all members of U are less than N. We give a sufficient condition for a countable discrete space (X, d) with dim u d X X = 0. 
Fix n ∈ L 0 . By the definition of δ, there exists no sequence
(X n X n,1 ) and 
There exists a t 0 ∈ R + such that diam d f −1 (t) < γ for each t > t 0 . We may assume that Cl
By the definition of t 0 , either
According to the last fact, f (Cl X V 0 ) and f (Cl X V 1 ) are disjoint closed sets. So, there exist sequences {s n } n∈N and {s n } n∈N satisfying the following:
Otherwise, L n = ∅. Then, we note that L = n∈N L n is closed in X and is a partition between Cl X V 0 and Cl X V 1 .
We only need to show that Ind Cl u d X L 0. Since X is ULC at ∞, there exist a δ > 0 and a compact subset K of X such that for any two points x, y ∈ X K with d(x, y) < δ there exists a connected subset P in X satisfying x, y ∈ P and diam d P < γ . Then there exists an N ∈ N such that L n ∩ K = ∅ for all n N. Here, we show the following.
Assume the contrary that there exist
Then there exists a connected subset P in X such that x, y ∈ P and
The Smirnov compactifications of infinite thin covering spaces
We discuss Smirnov remainders of some infinite covering spaces of compact topological n-manifolds which are homeomorphic to R n . 
is an isometry for each n ∈ N. We say that U is evenly covered by p.
is not thin because (3) as in Definition 6.1 is not satisfied.
(2) Let (S 1 , d), X , and π be as in (1) 
ρ is a metric compatible with the topology of S 1 . (1) and (3) 
Proof.
(1) For every sheet U n of U , there exists an isometry h n :
We show that h is a uniform isomorphism. Let ε > 0 with ε < R, where R is as in Definition 6.
Thus, h is a uniform isomorphism.
(2) Let ε > 0. Since X is a locally connected compact space, we may assume that U is connected and diam d U < ε for each U ∈ U. Let γ > 0 be a Lebesgue number for U and R > 0 as in Definition 6.1. Since p is uniformly continuous, there exists a δ > 0 with δ < R such that d(x, y) < δ implies d(p(x), p( y)) < γ . Let x, y ∈ X with d(x, y) < δ. Since there exists a U ∈ U such that p(x), p( y) ∈ U , x, y ∈ U n for some sheet U n of U . Recall that U n is connected and diam d U n < ε, and then the proof is complete. 2
In particular, every infinite thin covering space of a compact topological manifold is ULC. 
= dim E i n. (( X, d), p) be an infinite thin covering space of a compact 2-manifold (X, d) 
Since X is locally connected, by Lemma 6. 
